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Abstract

The cohesive crack model is, nowadays, widely used for the analysis of propagating cracks in concrete and other quasi-
brittle materials. So far the softening curve, which gives the stress transmitted between two adjacent crack surfaces as a
function of the crack opening, has been considered a material property and the parameters defining that curve, the tensile
strength f 0t , the initial fracture energy Gf (area under the initial tangent of the softening curve) and the total fracture energy
GF (total area under the softening curve), have been identified by testing relatively small laboratory specimens. In this
study typical experimental procedures used for the characterization of the fracture behavior of concrete, namely single
notched specimens subjected to tensile loading, three-point bending tests, bending of unnotched specimens, and splitting
(Brazilian) tests are analyzed on the basis of the Confinement-Shear Lattice (CSL) model, recently developed by the
authors. A two-scale procedure is outlined in order to infer an equivalent macroscopic cohesive crack law from the
meso-level response. The analysis of the lattice model response is analyzed in order to define the actual macroscopic mate-
rial properties of concrete fracture. The results show that the tensile strength and the initial fracture energy are material
properties and that they can be identified from the analysis of laboratory specimens. On the contrary, the total fracture
energy identified from usual experiments is size-dependent and boundary-condition-dependent.
� 2006 Elsevier Ltd. All rights reserved.
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1. Introduction

Crack propagation in concrete, and in general in quasi-brittle materials, is characterized by a nonlinear
(dissipative) zone at the crack tip (fracture process zone, FPZ) whose size is not negligible compared to usual
structural sizes. Thus, linear elastic fracture mechanics (LEFM), according to which the FPZ is a point, in
general does not apply, and the behavior of the FPZ needs to be simulated directly. For this purpose several
mathematical and numerical models can be found in the literature (for a comprehensive review see [1]). They
can be classified as follows:
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(1) Cohesive (or fictitious) crack models, pioneered for concrete by Hillerborg et al. [2], simulate the FPZ as
an already formed fracture whose adjacent surfaces can still transmit stress. The FPZ becomes a line
(‘‘discrete approach’’) and its width (HFPZ in Fig. 1a) does not have any role in the formulation. The
displacement field is discontinuous in the transverse direction of the FPZ and causes a singularity in
the strain distribution.

(2) Crack band models, first introduced by Bažant and Oh [3], avoid this singularity by introducing explic-
itly in the formulation the width HFPZ of the FPZ, which is considered a material property. The strain
distribution is assumed to be constant across the FPZ (‘‘smeared approach’’) and it presents a discon-
tinuity at its boundaries. The crack band model is equivalent to the cohesive crack model for mode I
fracture but it is much more versatile because it can be easily generalized to triaxial loading conditions
and easily implemented in standard finite element codes.

(3) Nonlocal models (see, e.g. [4] for a detailed survey) incorporate the definition of a characteristic internal
length of the material that stems from the heterogeneous nature of concrete meso-structure. They can
reproduce very well the behavior of the FPZ and avoid unphysical strain localization. The strain distri-
bution in the FPZ is continuous and smooth. From a computational point of view nonlocal models are
more demanding than the previous ones and they usually require the use of mesh adaptive procedures
[5].

(4) Meso-level models simulate directly the complexity of concrete meso-structure allowing for a precise
modeling of the phenomena undergoing in the FPZ, such as microcracking coalescence and aggregate
bridging. These features greatly enhance the accuracy of the model but lead also to a tremendous
increase of the modeling computational demand, which, in turn, restricts the use of such models to
small (nonstructural) applications. In the past decades many studies have been devoted to the formu-
lation of theories that try to simulate directly the heterogeneous character of the quasi-brittle material
meso-structure. The so-called ‘‘numerical concrete’’ [11] is one of the first attempts in this direction.
Coarse aggregates and surrounding mortar are discretized by a fine FE mesh and fracture is simulated
by using interface elements with cohesive behavior. Similar models have been recently proposed and
successfully applied to concrete and other quasi-brittle materials in both 2D [12] and 3D [13]. Since
this approach is quite demanding from a computational point of view, many authors have tried to sim-
ulate the material meso-structure by replacing the continuum by a system of discrete elements. Planar
[14–18] and three-dimensional [19–21] versions of these models have been extensively used for simulat-
ing concrete fracture behavior. The models in Refs. [14,15] differ from the others because they simu-
late, in a simplified fashion, the interaction between two adjacent aggregates by means of a single
connection whose behavior is an average of the mechanical behavior of the aggregates and the matrix.
On the contrary, the other models explicitly reproduce the multiphase concrete meso-structure by
using a very fine discretization and by assigning different material properties to the elements of the
system.
Fig. 1. (a) Fracture process zone FPZ at the tip of a fracture in concrete. (b) Typical softening curve.
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The previous list presents the different models in order of increasing complexity and accuracy. Each of them
has its own advantages and disadvantages, and they should be seen as different tools for different purposes
instead of competitors. In particular, meso-level models can be efficiently used to understand the limits and
the degree of approximation of simpler models. From this perspective the present study uses a two-scale pro-
cedure based on a meso-level lattice-type model, recently developed by the authors [6–8], to analyze the reli-
ability and accuracy of the cohesive crack model.

2. The cohesive crack model

The cohesive crack model for mode I fracture can be formulated by assigning the stress versus crack open-
ing displacement curve (cohesive law or softening curve) rch = f(w) (Fig. 1b), which describes the loss of load
transfer capacity of two adjacent crack surfaces. The softening curve is usually a function that monotonically
decreases from the tensile strength f 0t , for zero crack opening, to zero stress, for a certain critical crack open-
ing, wu. Experimental results [9] have shown that the softening curves of ordinary concretes with different
mix-design are similar in shape, resembling the one depicted in Fig. 1b. Various analytical expressions (linear,
bi-linear, exponential, etc.) have been used in the literature to fit the experimental data. In addition to the
tensile strength f 0t , the parameters usually used to characterize the softening curve are the total fracture energy,
GF [2], and the initial fracture energy, Gf [10]. The total fracture energy is the area under the softening curve
GF ¼
Z wu

0

f ðwÞdw ð1Þ
and it represents the energy that must be supplied to generate a stress-free fracture of unit area. The initial
fracture energy describes only the first part of the softening curve (up to a stress drop of 1/3–1/2 of the tensile
strength) and is defined as the area under its initial tangent, Fig. 1b. It can be defined as
Gf ¼
f 02t

2jf 0ð0Þj ð2Þ
where f 0(Æ) is the derivative of the softening curve with respect to the crack opening. Numerical calculations
have shown [10] that the peak load of laboratory specimens up to a certain critical size depends mostly on the
tensile strength and the initial fracture energy. On the contrary, the total fracture energy has only a small effect
on peak load and principally governs the post-peak and the energy dissipation capability of concrete
structures.

3. Review of the adopted meso-level model

The model used in the present study, called Confinement-Shear Lattice model (CSL model), simulates the
concrete meso-structure by taking into account only coarse aggregates. A lattice mesh connecting the aggre-
gate centers reproduces the interaction between adjacent aggregate pieces through the embedding matrix. The
constitutive law assumed for each lattice element models stiffness, strength and inelastic behavior, and includes
the effect of the lower level structure that is not directly introduced in the formulation (cement paste, small
aggregate particles, cement–aggregate interface). In the following we present a review of the model formula-
tion, whose detailed description appears in Refs. [6–8].

We use the following three-step algorithm to obtain the geometry of the meso-structure for a given concrete
specimen. (1) A try-and-reject random procedure places each aggregate particle throughout the specimen vol-
ume. New randomly generated positions (coordinate triplets of particle centers) are accepted if they do not
overlap with previously placed particles and volume boundaries. In this step zero-radius particles are also gen-
erated on boundary surfaces. (2) The Delaunay tetrahedralization [22,23] of the generated points defines the
lattice mesh. Each tetrahedron edge represents a connecting strut between adjacent aggregate pieces. (3) A
domain tessellation (dual complex of the Delaunay tetrahedralization) identifies the contact area through
which the interaction forces are transmitted from one aggregate to the adjacent ones.

The contact areas of the connecting struts are, in general, not planar (Fig. 2a). For sake of simplicity, the
constitutive law is imposed on the projection of this area on a plane that is orthogonal to the connection



Fig. 2. (a) Contact area (potential crack surface) between two adjacent aggregates; (b) projected contact area; (c) geometry and degrees of
freedom of a connecting strut; (d) stresses acting on the contact area and related nodal forces.
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(Fig. 2b) and that intersects the point located at midway of the strut counterpart belonging to the matrix
(point M in Fig. 2c). The application point C of the interaction forces (contact point, Fig. 2d) is the center
of mass of the projected area and, in general, does not lie along the axis connecting the particle centers.

Rigid body kinematics describes the displacement field along the connection and the displacement jump
suCb at the contact point, divided by the length L of the connection, defines the strain vector. The components
of the strain vector in a local system of reference, characterized by the unit vectors n, l, and m, are the normal
and shear strains:
eN ¼
nTsuCt

L
; eL ¼

lTsuCt

L
; eM ¼

mTsuCt

L
ð3Þ
The unit vector n is orthogonal to the contact area and the unit vectors l and m are mutually orthogonal and
lie in the contact plane.

The normal stress rN and the shear stresses rL and rM (depicted in Fig. 2d) are computed through damage-
like constitutive relations, which read
rN ¼ ð1� DÞEeN; rM ¼ ð1� DÞEeM; rL ¼ ð1� DÞEeL ð4Þ

where E is the elastic stiffness of the link and D is the damage parameter. We can write E = L/(La/Ea +
Lm/Em) if we assume that the aggregates and the matrix, represented by segments La = R1 + R2 and Lm,
respectively (Fig. 2c), act in series. The elastic parameters Ea and Em characterize the elastic properties of
aggregates and matrix. The damage parameter is defined as D = 1 � r/Ee, in which r ¼ r2

Nþ
�

r2
M þ r2

L

� �
=a�1=2 is the effective stress, e ¼ e2

N þ a e2
M þ e2

L

� �� �1=2
is the effective strain, and a is a parameter of

the model.

The evolution of the effective stress r as function of the effective strain e is governed by the equations
_r ¼ E_e; 0 6 r 6 rbðe;xÞ ð5Þ

where rb(e,x) is an exponential strain-dependent boundary simulating damage, fracture and plasticity at the
meso-level. Its analytical expression is
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rbðe;xÞ ¼ r0ðxÞ exp
KðxÞ
r0ðxÞ

vðe;xÞ � r0ðxÞ
E

� �� 	
ð6Þ
in which hÆi = max{Æ, 0}. The coupling strain x is defined as follows
tan x ¼ eNffiffiffi
a
p

eT

¼ rN

ffiffiffi
a
p

rT

ð7Þ
The strain eT ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e2

M þ e2
L

p
and the stress rT ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2

M þ r2
L

p
are the total shear strain and stress, respectively.

The function r0(x) (Fig. 3a) delimits the elastic domain and reads
r0ðxÞ ¼
r01ðxÞ for x 6 x0

r02ðxÞ for x > x0

�
ð8Þ
where r01(x), r02(x) are, in the rN � rT stress plane, an ellipse and a hyperbola, respectively, which are ex-
pressed as follows
r01ðxÞ ¼
rcffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

s2 þ ac2=b
p ð9Þ

r02ðxÞ ¼
�ðrt þ raÞsþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðrt þ raÞs½ �2 þ aðc=lÞ2 � s2

h i
ðrt þ 2raÞrt

r
aðc=lÞ2 � s2

ð10Þ
In the previous expressions, x0 is the intersection between r01(x) and r02(x), rt is the meso-level tensile
strength, rc is the meso-level compressive strength, l and ra are, respectively, the slope and the intersection
of the hyperbola asymptote with the rN-axis, s = sinx, and c = cosx.

The material parameter ra can be evaluated as ra ¼ 0:5rt½r2
s=ðlrtÞ2 � 1�, where rs is the meso-level shear

strength. For x ¼ x1 ¼ arctanð
ffiffiffi
a
p

=lÞ, the right-hand side of (10) is undetermined but the equation of the
hyperbola gives r02(x1) = 0.5(rt + 2ra)rt/[(rt + ra)sinx1].

The function v(e,x) models the irreversibility of the damage due to fracture at the meso-level and is defined
as
Fig. 3. (a) Elastic domain at the meso-level. (b) Initial slope function.
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vðe;xÞ ¼

e for x 6 x0

e
x
x0

þ emax 1� x
x0

� �
for x0 < x < 0

emax for x P 0

8>>><
>>>:

ð11Þ
where emax ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðmax eNÞ2 þ aðmax eTÞ2

q
and max eN, max eT are the maximum normal strain and the maximum

shear strain that have been reached up to the current time.
The evolution of the boundary is governed by the initial slope K(x) (Fig. 3b) which is defined as
KðxÞ ¼
Kc 1� xþ p=2

x0 þ p=2

 �nc
� �

for x 6 x0

�K tf ðkÞ 1� x� p=2

x0 � p=2

 �nt
� �

for x > x0

8>>><
>>>:

ð12Þ
Parameters Kc and nc govern the nonlinear compressive and shear-compressive behavior (x 6 x0) at the meso-
level and are considered as material constants.

For tensile dominated stress states the post-peak slope is made sensitive to the transverse confinement of the
connection through the function f(k), which reads
f ðkÞ ¼ 1

1þ �k=k0h i ð13Þ
where k is the confinement strain [8]. The characteristic strain parameter k0 governs the sensitivity to the con-
fining strain.

If no confinement is present the meso-level fracturing behavior depends on the meso-level fracture energies
Gt for mode I and Gs for mode II. In order to preserve the correct energy dissipation, the integral of the stress–
strain curve for x = 0 (pure shear) and for x = p/2 (pure tension) must be equal to Gs and Gt, respectively,
divided by the length of the connection. Since the stress–strain relation is exponential, we have
�Kð0Þ ¼ Ks ¼
2aE

Lcr
s =L� 1

; �Kðp=2Þ ¼ K t ¼
2E

Lcr
t =L� 1

ð14Þ
and
nt ¼
ln½K t=ðK t � KsÞ�
lnð1� 2x0=pÞ

ð15Þ
where Lcr
s ¼ 2aEGs=r2

s and Lcr
t ¼ 2EGt=r2

t are two characteristic lengths of the material.
4. Two-scale identification of the macroscopic fracture properties

Let us now simulate the response of a single notched specimen under tensile loading (SNT test). The sim-
ulated specimens are square plates of 100 · 100 mm2 and thickness equal to 50 mm. The notch is 20 mm long
and 3 mm wide (Fig. 4a). Rigid loading platens apply the load under displacement control allowing free rota-
tions of the specimen ends. The specimen meso-structure is generated considering the following granulometric
distributions: 5.8%, 11.5%, 12.7%, 11.3%, and 4.2% (mass fractions) of aggregates with characteristic sizes of
16 mm, 12.5 mm, 9.5 mm, 6.35 mm and 4.75 mm, respectively. The reference material properties are: cement
content c = 300 kg/m3, water–cement ratio w/c = 0.6, aggregate–cement ratio a/c = 6.4. The adopted param-
eters of the meso-level constitutive law, used for the numerical simulations, are the following: a = 0.25,
Ec = 30,000 MPa, Ea = 3Ec, rt = 2.7 MPa, Gt = 0.03 N/mm, rs = 3rt, Gs = 16Gt, rc = 16rt, Kc = 0.26Ec,
b = 1, l = 0.2, nc = 2, k0 = 1 · 10�3. The simulation of an uniaxial compressive test on a cylindrical specimen
bring to a cylindrical compressive strength and a Young modulus equal to 31.6 MPa and 33.5 GPa,
respectively.

Fig. 4b shows the amplified (100 times) deformed shape during the fracture propagation. The fracture ini-
tiates exactly at the notch tip and propagates almost straight throughout the ligament. The analysis of the



Fig. 4. (a) Geometry of specimens loaded under tension. (b) Typical amplified deformed configuration at failure. (c) Optimum fit of a
typical softening curve identified in a generic stripe. (d) Comparison between the load–displacement curves obtained by the lattice model
and the cohesive model.
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numerical response during the fracture process shows that the propagating FPZ consists of a system of
meso-level cracks (contact areas of the fractured lattice elements) rather than of a single localized crack and,
accordingly, the energy is dissipated in a band of finite width (crack band). This behavior is well known experi-
mentally and it has motivated the formulation of the crack band model [3]. The aim of the present study is the
identification of an equivalent cohesive crack that lumps the behavior of the FPZ in a zero thickness cohesive
fracture running along the ligament. This goal is achieved by adopting the following procedure. The specimen is
subdivided into stripes parallel to the direction of the applied load. These stripes discretize the ligament into
segments of length h (Fig. 4a). For each ligament segment we compute the dissipated energy per unit ligament
area gd (that would be dissipated by the propagation of the equivalent cohesive macro-crack) and the cohesive
stress rch. The energy gd is computed by summing up the contributions of the fractured lattice elements belong-
ing to a generic stripe. We can write gd = Wd/bh where Wd is the total dissipated energy in a certain stripe and b

is the specimen thickness. The cohesive stress is calculated from the components in the direction of the applied
load of the interparticle forces crossing the ligament. Furthermore, the macro-crack opening displacement w

(opening profile of the equivalent cohesive crack) is calculated by observing that it represents the work-conju-
gate kinematic quantity of the cohesive stress. Thus, the increment of the dissipated energy can be computed as
the work done by the cohesive stress for an increment of the crack opening, dgd = rch(gd)dw. This differential
equation can be solved for w under the initial condition w(0) = 0. We can write
wðgdÞ ¼
Z gd

0

dg
rchðgÞ

ð16Þ
The integral in Eq. (16) can be easily computed numerically by using the trapezoidal rule.
By repeating the preceding procedure for each loading step we obtain a parametric representation of the

equivalent cohesive crack law (rch � w) at each discrete point along the ligament.
Fig. 4c shows a generic cohesive law obtained at a certain location along the ligament for h = da/4 = 4 mm.

In the initial elastic regime the stress increases with no opening of the crack (and no energy dissipation) until it
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reaches a certain stress threshold for which inelastic phenomena occur and the crack opening starts to increase
(zoom in Fig. 4c). During this stage the stress still increases following a hardening behavior. It must be stressed
that this stress increase is not due to the meso-level constitutive law, which is always softening for tensile dom-
inant stress states, but it comes from the stress redistribution occurring in the meso-structure. In this phase the
dissipated energy is mainly due to the initiation and growth of meso-cracks and it is not associated to a real
macro-crack. The initiation of a real macro-crack occurs when the hardening behavior reverses into softening
and the stress decreases for an increasing crack opening displacement. The first part of the post-peak curve is
nearly exponential. On the contrary its tail is basically linear. Its optimum fit, performed by the Levenberg–
Marquardt algorithm and shown in Fig. 4c, is obtained by assuming a cohesive crack law with an initial pla-
teau followed by a smooth curve consisting of the sum of a straight line and an exponential function. The
equation of such a curve is f ðwÞ ¼ f 0t for w 6 w0, f(w) = 0 for w P wu, and, for w0 < w < wu
f ðwÞ ¼ f 0t c1 � c2

w� w0

wch

þ ð1� c1Þ exp �w� w0

wch

 �� �
ð17Þ
where the ultimate crack opening wu is the value of the crack opening displacement for which the function in
Eq. (17) goes to zero. The initial plateau simulates the energy dissipated in the FPZ before the propagation of
a real macro-crack. From a rigorous point of view, this energy should be taken into account by assuming a
plastic hardening behavior of the stress–strain relationship of the intact concrete [24]. Nevertheless, this
approximation is reasonable because the amount of this energy is usually negligible compared to the energy
dissipated during the entire fracture process. Regarding the tail of the identified softening curve, it is worth
pointing out that the linear evolution is due to the effect of the aggregates bridging the crack surfaces and
it does not depend on the constitutive law at the meso-level, which is purely exponential.

In order to validate this procedure we have performed a cohesive crack simulation with usual finite ele-
ments. The crack is modeled by interface finite elements of the same size as the ligament segments and whose
behavior is governed by the macroscopic cohesive law identified at each discrete point along the ligament.
Elastic finite elements are used to model the bulk of the material. Fig. 4d shows the comparison between
the lattice and cohesive crack simulations in terms of load–displacement curve. The good agreement corro-
borates the effectiveness of the proposed identification procedure.

Concrete, at the scale relevant to cohesive crack simulations, is always analyzed under the assumption of
isotropy and homogeneity. For this reason the effect of meso-structure randomness must be somehow filtered
out in the identification of the macroscopic fracture parameters. For heterogeneous materials this is usually
done by analyzing the mechanical response of a material representative volume (RVE). The size of the
RVE is generally assumed equal to 4–6 times the maximum size of the heterogeneity. However, for concrete,
such an estimate is largely debatable and even the definition of the RVE can be meaningless due to the fact
that damage always localizes in a very small volume of material. Furthermore, the usual definition of the RVE
cannot be used to analyze the response of small laboratory specimens, whose size is of the same order of mag-
nitude of the RVE, because the averaging would hide the effect of the boundary conditions leading to erro-
neous results. In particular, the use of the RVE concept for the identification procedure previously
presented would suggest a width of the ligament subdivision equal to 64–96 mm, which would lead to the com-
plete loss of information related to the stress gradient caused by the notch. This gradient, on the contrary, is
really important for a correct understanding of the real behavior of the specimen. In order to obtain reason-
able results by using the RVE one should analyze specimens with size of the order of magnitude of meters, but
this is obviously prohibitive form both experimental and numerical point of view.

The effect of the randomness can be also filtered out by averaging, at each point along the ligament, the
response of various specimens with different meso-structure. Fig. 5 shows the profiles along the ligament of
the macroscopic tensile strength and fracture energies obtained, for different values of the ligament subdivi-
sion, by averaging the response of three specimens. The lines with crosses are the profiles computed for
h = da/4 = 4 mm, the lines with squares for h = da/2 = 8 mm, and the lines with circles for h = da = 16 mm.
The dimensionless coordinate x/D defines the position throughout the ligament, where D = 100 mm is the
specimen size and x is the distance from the inner surface of the specimen.

At the beginning of the fracture process the lattice elements are mostly loaded in tension with only a small
component of shear. Accordingly, the identified value of the macroscopic tensile strength f 0t (Fig. 5a) is quite



Fig. 5. (a) Tensile strength, and (b) fracture energy profiles along the ligament for different size of the ligament subdivision.
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similar to the meso-level tensile strength rt for about 90% of the ligament. Only in the final part of the liga-
ment, towards the edge opposite the notch, the tensile strength reduces significantly. In the late stages of soft-
ening, when the fracture has propagated through almost the entire ligament, a compressed zone develops at
the front of the FPZ because of the eccentricity between the resultant of the stresses transmitted by the intact
ligament and the applied load. The meso-level cracks must deviate to propagate further and the fracture pro-
cess becomes truly triaxial leading to the observed reduction of the identified tensile strength. Nevertheless,
this results must be interpreted as the inherent unreliability of the cohesive crack model to simulate the frac-
ture process at this stage. As matter of fact, the cohesive crack simulations show stresses parallel to the crack
higher than the tensile strength when the crack reaches the compressed zone.

Once the parameters in Eq. (17) are identified, it is also possible to calculate the initial and total fracture
energy (Eqs. (1) and (2), see also Fig. 1b). The initial fracture energy Gf is constant over the entire ligament
(bottom of Fig. 5b), and it is basically equal to the meso-level fracture energy for mode I crack propagation Gt.
This result indicates that at the beginning of the fracture propagation the width of the FPZ is actually van-
ishing and the macro-crack consists of just one meso-crack. On the contrary, the total fracture energy GF

(top of Fig. 5b) varies along the ligament. Moreover, it first slightly increases, moving from the notch tip
to the interior of the specimen and then it decreases while it propagates towards the opposite boundary. Sim-
ilar results have been also obtained by simulating the behavior of the FPZ by means of integral nonlocal mod-
els [25,26] and by analyzing the size-dependence of the total fracture energy [27,28]. This behavior is due to the
presence of the specimen outer surface that, constraining the propagation of the meso-cracks, induces a reduc-
tion of the number of the fractured lattice elements in the FPZ. The width of the FPZ becomes smaller and
consequently the dissipated energy gets reduced, leading to the drop of the total fracture energy.

The mean value of the total fracture energy over the ligament is 74.8 N/m (for h = da = 16 mm) and it is
smaller than the value, 85.98 N/m, obtained by the work-of-fracture method [2]. These two values should
be actually coincident and this discrepancy is due to a stress-locking effect plaguing the tail of the simulated
load displacement curve for very large displacements when the FPZ becomes smaller than the resolution capa-
bility of the model.

The ratio between the mean total fracture energy and the initial fracture energy is equal to 74.8/30 = 2.49,
which agrees very well with the value of 2.5 first proposed in [31] and further verified by an extensive statistical
analysis in [32,33].

5. Size and boundary condition dependence of the fracture parameters

Experimental data available in the literature [29,30,34] show that the total fracture energy depends on spec-
imen size and boundary conditions. In order to study these effects the previous identification procedure has
been repeated for two sets of geometrically similar specimens. The first set (Fig. 6a) consists of square notched
specimens of side D and notch a = D/5, subjected to tension under displacement control (SNT test). The sec-
ond set is composed by rectangular notched plates of depth D, length equal to 2.5D, and notch equal to D/5



Fig. 6. Response of similar notched specimens subjected to tensile loading. (a) Load–displacement curves, (b) tensile strength profiles,
(c) fracture energy profiles.
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(Fig. 7a), loaded in displacement control by a three point bending test setup (TPB test). In the numerical sim-
ulations of the TPB tests only the central part of the specimen is modeled by means of the lattice model while
conventional finite elements are employed for the lateral parts where the behavior is expected to be linear elas-
tic (Fig. 7a). For both sets we have carried out the simulation of specimens with characteristic size equal to
D = 100 mm (small, S), D = 200 mm (medium, M), and D = 300 mm (large, L). Three specimens with differ-
ent meso-structure are analyzed for each size. All the specimens have thickness b = 50 mm and the material
parameters used in the numerical simulations are the ones listed in Section 4.

Fig. 6a shows the computed load–displacement curves for the SNT tests. The results of the identification of
the softening curve for a ligament subdivision into segments of width h = da = 16 mm are shown in Fig. 6b
and c. The profiles of the tensile strength and the initial fracture energy are clearly size independent and they
have the same characteristics discussed previously for D = 100 mm. On the contrary, the total fracture energy
strongly depends on the size of the specimen and it tends to increase as the size increases (top of Fig. 7c). This
finding is in agreement with the experimental data reported in [30,34]. Moreover, GF is always variable along
the entire ligament and this suggests that the asymptotic length of the FPZ (LFPZ), which is the length of a
fully developed FPZ characterized by a stress profile varying from the tensile strength to zero (Fig. 1a), is lar-
ger than the specimen ligament even for the largest specimen. This fact can be further verified by estimating
LFPZ by means of the equivalent linear elastic fracture mechanics. According to this theory we have LFPZ = k

lch where lch ¼ E0GF;1=f 02t is the classical Hillerborg’s characteristic size, E 0 = E/(1 � m2), E = Young modulus,
m = Poisson ratio (= 0.18 for concrete), GF,1 is the asymptotic (size independent) total fracture energy, and k

is a dimensionless constant with values between 2 and 5 [1]. If we assume that GF,1 is equal to the maximum
value (�120 N/m) of the identified fracture energy GF for the largest specimen (note that the actual value of
GF,1 would be even larger) we get lch = 0.57 m and then LFPZ = (2–5) · 0.57 m = 1.14–2.85 m. This means
that LFPZ is one order of magnitude larger than the ligament of the largest specimen, confirming the results
obtained through the lattice model.



Fig. 7. Three point bending test. (a) Test setup, (b) load–displacement curves, (c) tensile strength profile, (d) fracture energy profile.
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The computed load–displacement curves for the TPB tests appear in Fig. 7b. Figs. 7c and 7d show the pro-
files of the fracture parameters, which indicate that, also for the TPB tests, the tensile strength and the initial
fracture energy are constant along the ligament (with values equal to the ones identified from the SNT test)
and that the total fracture energy varies along the ligament and with the size of the specimen. Furthermore,
comparing the GF-profiles obtained from the two different test setups but for the same characteristic specimen
size, one can see that the total fracture energy also depends considerably on the type of boundary conditions.
The value of GF identified from the SNT test is, on average, larger than the one from the TPB test because in
the latter the evolution of the FPZ is more hampered by the compressed part of the ligament.

The simulations of specimens of different sizes can be also analyzed by means of Bažant’s size effect law
(SEL) [1]
rn ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E0Gf

g0ða0Þcf þ gða0ÞD

s
ð18Þ
where rn is nominal stress at the peak load (rn = Pmax/bD for the SNT test and rn = 3PmaxS/2bD2 for the TPB
test, S = span = 2.5D), Gf = initial fracture energy, cf = effective length of the FPZ (about LFPZ/2), a0 = a0/D,
a0 = notch length. The functions g(a) and g 0(a) are the dimensionless LEFM energy release function and its
derivative, respectively. For the specimen geometries analyzed in this work we have a0 = 0.2, g(a0) = 1.181
for the SNT test and g(a0) = 0.572 for the TPB test. Bažant and coworkers [35] have shown that the SEL
is a very good approximation of the size effect curve calculated through the cohesive crack model with a linear
softening curve. However the identification of the initial fracture energy from experimental peak load is pos-
sible only if the peak loads are not influenced by the total fracture energy or, equivalently, if the notch tip
stress at peak loads is not significantly lower than the tensile strength.

In a plot of Y ¼ 1=r2
n versus X = D the SEL appears as a straight line Y = AX + C, where the slope A is

inversely proportional to the initial fracture energy. The fitting of the nominal strengths for different specimen



Fig. 8. Bažant size effect law: (a) SNT test, (b) TPB test.
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sizes, usually done as a linear regression in the Y–X plane, can be then used to identify the initial fracture
energy as Gf = g(a0)/AE 0.

The regression lines calculated from the nominal strengths computed from the lattice simulations are shown
in Figs. 8a and 8b for the SNT test and TPB test, respectively. By using all the specimens for each test setup we
get from the dashed regression lines the values of 41.6 N/m for the SNT test and 58.4 N/m for the TPB test.
One can observe, however, that the fitted points do not lie along a straight line. The deviation from linearity of
the points relevant to the largest specimens is caused by the fact that, at the peak load, the value of the stress at
the notch tip is significantly lower than the tensile strength. For this reason the initial fracture energy is not
enough to describe the fracture propagation occurring prior the peak. If the data relevant to the largest spec-
imens (D = 300 mm) are discarded, from the solid regression lines (Fig. 8) one gets 33.4 N/m for the SNT test
and 31.2 N/m for the TPB test. Both values agree very well with the initial fracture energy identified in the
previous sections and with the meso-level fracture energy Gt = 30 N/m.

6. Fracturing of unnotched specimens

Experimental tests of unnotched specimens are often performed to identify the tensile strength of concrete.
In this section we analyze the most widely adopted test setups, which are the bending of unnotched prisms,
also called modulus of rupture test (MOR test), and the splitting (Brazilian) test.

To simulate the MOR test we use the same specimen geometry and test setup of the TPB tests analyzed
previously with the only difference that now the specimens are unnotched. Fig. 9a shows a typical amplified
deformed shape at failure (for D = 100 mm) where a fracture has propagated approximately at the mid-span
of the specimen towards the load application point. The computed peak load is 7.61 N. The modulus of rup-
ture is usually defined as the maximum tensile stress at the peak load, calculated assuming a linear elastic
behavior up to failure. For the present analysis it is equal to 15Pmax/4bD = 5.71 MPa. This result confirms
that the modulus of rupture significantly overestimates the tensile strength because the collapse is not brittle
but it occurs only after a certain stress redistribution in the zone under tensile stress state. Nevertheless, the
character of the developed fracture is completely similar to the one of fracture propagating in notched spec-
imens. This can be easily proved by identifying the equivalent macroscopic cohesive law as done for the
notched specimens. Figs. 9c and 9d compare the computed profiles of the tensile strength and the fracture
energies along the specimen depth for the MOR test to the ones obtained for the SNT test and the TPB test.
They, at least for f 0t and Gf, agree quite well, suggesting that the MOR test, even if cannot be used to directly
infer the tensile strength, can be adopted for the analysis of concrete fracturing behavior.

The numerical simulation of the Brazilian test is performed adopting square plates of side D and applying
the load under displacement control through a load bearing strip of width equal to t = 0.05D. A typical ampli-
fied deformed shape at failure is shown in Fig. 9b where one can see a splitting fracture propagated exactly at
the center of the specimen. The computed peak loads are 28.8 kN, 50.0 kN, and 69.0 kN for D = 100 mm,
200 mm, and 300 mm, respectively. The character of failure is very brittle and the snap-back of the load



Fig. 9. Amplified deformed shape at failure for: (a) modulus of rupture test, and (b) Brazilian test, (c) tensile strength profiles, (d) fracture
energy profiles.
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displacement curve excludes the possibility of the identifying of the macroscopic fracture characteristics. Nev-
ertheless, assuming a perfectly brittle behavior we can estimate for large enough specimens (with failure occur-
ring right after crack initiation) the tensile strength by using the formula fts = 2Pmax f(b)/pbD where
f(b) = (1 � b)5/3 � 0.0115 [36] and b = t/D = relative strip width. From the computed peak loads we get
fts = 3.31 MPa, 2.87 MPa, and 2.64 MPa. Apart from the value associated to the smallest specimen, for which
the modulus of rupture is theoretically higher than the tensile strength [36], the other values are very good
approximations of the meso-level tensile strength rt = 2.7 MPa.

7. Summary and conclusions

In this paper a recently developed lattice-type model simulating the concrete meso-structure has been used
to study the cohesive crack model, which is the simplest model for the simulation of the concrete fracturing
behavior. Several sets of lattice simulations have been carried out considering different specimens sizes and
different test setups. A procedure that identifies the parameters of an equivalent cohesive crack from the
meso-level numerical analysis has been formulated ad successfully applied.

From the work presented in this paper we can draw the following conclusions:

(1) The cohesive crack model can reproduce well the behavior of mode I crack propagation in concrete pro-
vided that the fracture properties, tensile strength, initial fracture energy and total fracture energy, are
correctly identified.

(2) The tensile strength and the initial fracture energy, defining the first part of the softening curve, are
strictly connected to the meso-level tensile strength and the meso-level mode I fracture energy. They
can be identified by analyzing laboratory specimens.

(3) The initial fracture energy can be efficiently inferred from experiments by applying the size effect method
based on the classical Bažant size effect law.
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(4) The total fracture energy identified from laboratory specimens strongly depends on specimen size and
boundary conditions.

(5) The existence of an asymptotic, size- and boundary-condition-independent fracture energy could not be
proved neither disproved by the present study and further investigations are required.

(6) The modulus of rupture severely overestimates the tensile strength due to stress redistribution, but mac-
roscopic fracture that leads to failure has the same character of the fractures propagating in notched
specimens.

(7) The splitting (Brazilian) test is a reliable test for the direct identification of the tensile strength provided
that the tested specimens are large enough to cause failure at crack initiation (with negligible crack
propagation).
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